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Abstract. The statusof the Bianchi andRicciidentitiesasmtegrabilityconditions
for theexistenceof a metrichaving agiven tensoras Riemanncurvature tensoris
discussed. That theseidentitiesdonot suffice to characterisecurvature is shownby
meansofexamples.Similar considerationsapplytocurvatureformsingaugetheories.

1. INTRODUCTION

The conceptof curvatureplays a very importantrole in physicaltheoriessuchas
generalrelativity and gaugetheories.An obviousquestionwhichthen arisesis: which

geometricalobjectsoccur as curvaturesin a given theory? For exampleonecanask
which tensors on a four-dimensionalmanifold are Riemanntensorsof Lorentz
metrics.In this casetherearecertainwell-known c<integrabilityconditions>>whichmust
befulfilled, namelytheBianchiandRicci identities. It seemsto bewidely believedthat

satisfactionof theseconditionsis also in somesensesufficientto ensurethat atensoris
theRiemanntensorof somemetric. In fact acloserexaminationof theproblemreveals

that it is notentirelyclearin whatsensetheseidentitiesareintegrabilityconditions.The
problemis that the Bianchiand Ricci identitiesinvolve notonly thecurvaturebutalso,

throughtthe covariantderivativeswhich appear,themetricbeing sought.It seemsthat
theonly reasonableway to interpretsuchanidentity as anmtegrabilityconditionis to
saythatthe integrabilityconditionis satisfiedif thereexistssomemetricwith respectto
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which thegiventensorsatisfiesthe identity.

If thisinterpretationoftheBianchiandRicci identitiesis adoptedthenit turnsoutthat

theseidentitiesare notsufficientto characteriseRiemanntensors,as is shown in what
follows by meansof examples.Therelationshipof theseexamplesto the equivalence

problemis thendiscussed.Whathasbeensaid sofar is opento theobjectionthat there
might exist an alternativeway of interpretingthe integrabilityconditionsso that they
would be sufficientto characterisecurvatures.Thatthis is highly unlikely is shownby

anotherexample.Thisconcernsatensorwichisnot theRiemanntensorof anymetricbut
whichneverthelesshas thepropertythatgivenanypoint p thereexistsametricdefined
in a neighbourhoodof p whoseRiemanntensoragressto infinite orderwith thegiven

tensorat p.

The existenceof examplessuchas thosealreadymentionedhasconsequencesfor
methodswhereonetries to find solutionsofEinstein’sequationswith specificcurvature

propertiesby solvingtheBianchi andRicci identities. Suchmethodshavebeenusedby

Ellis [3] andHeld [6,7]. Theycanbeusefulforobtainingsolutions;thepointbeingmade
hereis that if onebeginswith a curvatureandcomputesametricusingsucha methodit
is still necessaryto checkexplicitly that themetricobtainedhasthe desiredcurvature.

Of courseit maybethatin certaincasessuchasthe caseof the vacuumEinsteinequa-
tionsconsideredby Held sucha checkis notnecessary.Howeverthis is somethingthat

requiresproof. The examplesof curvaturecandidatesin gaugetheorieswhich satisfy
theBianchi identitiesbut are not curvaturesalso suggesta problemconcerningthe at-

temptof Halpern [5] to formulategaugetheoriesusingcurvaturesasthebasicvariables.
His prescriptionfor doing a path integral is to <integrateoverthe Bianchi identities>>
andit is notclearhow thiscouldbeformulatedsoasnotto includesuchfalsecurvature

candidates.

2. EXAMPLES

It is convenientto beginby defininga concisenotationin whichto expresstheRicci

identity. It will bewritten as D2 R = R * R. Here D2 denotesthe skewedsecond

covariantderivative,R denotestheRiemanntensorand R* R isaquadraticexpression

in R. Now let g~beametric(ofanysignature)ofconstantcurvatureon amanifoldof
dimensionn greaterthan2 andlet R~ddenoteitsRiemanntensor.Then~ = 0. In
particular R~d;[Cf] = 0 andhenceby theRicci identity theexpressionR*R vanishes.

Let ~ = aR~for someconstantC~. = a1~[ca~,e]= 0 and so R~dsatisfies
theBianchi identitywith respectto g~.It alsosatisfiestheRicci identitywith respect
tog

01, since D
2R=o~D2R=0=a2R*R=R*R. -

Supposenow that thereexistsa metric ~ab with curvaturetensorR~d.If wecon-
siderR°~dand R~daslinearmapstakingbivectorsto (1,1)-tensorsthenbothhaverank

n— 1). It follows from resultsin [4] that ~ is conformalto g~,say ~ = e2Ug
01,.
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(In facttheresultis only statedtherefor Lorentzmetricsin 4 dimensionsbutit is easily

generalised.)Wenow have:

= aR
01,= 4—aRg01,= (~-aRe~

2~
06

Thismeansthat ~ is an Einsteinmetric. Since theRicci scalarof anEinsteinspace

is constantwe obtain (aRe_
2U),

0 = 0. Assuminga ~ 0,R ~1 0 we then seethat
= 0. Hencee

2~1is constant,the Riemanntensorsareequaland a = 1. It follows
that for a / 1 the tensor ~ is not theRiemanntensorof anymetric.

Similar examplescan beconstructedin the contextof gaugetheoriesovera four-

dimensionalbasemanifold. It isknownfrom thework of Mostow andShnider[8] that
in suchtheoriesa curvatureF uniquelydeterminestheconnectionit arisesfrom in the

genericcase.Moreoverif F is sucha curvatureand a is anon-zeroconstantthenon

algebraicgroundsthe only connectionA whichcouldpossiblyhave aF ascurvature
is that giving rise to F. But if a is not equalto 1 then A obviouslydoesnot have
curvatureaF. HenceF in not the curvatureof any connection.On theotherhandit

clearlysatisfiestheBianchi identity with respectto A.

3. RELATION TO THE EQUIVALENCE PROBLEM

The equivalenceproblemis the problemof decidingwhethertwo given spacesare
isometricandthisis generallydoneby examiningcurvaturecomponents.Wenowbriefly

reviewtheformulation given in [2]. Givena metricon a manifold M let OM denote
thecorrespondingbundleof orthonormalframesover M. Therearetwo importantge-

ometricalobjectsdefinedon OM, namelythe solderingform 9 and the connection
form w - Isometriesbetweentwo metrics are then in one to onecorrespondencewith

maps betweentheir respectiveorthonormalframe bundleswhich map the connection
andsolderingforms into eachother. Theframe componentsof theRiemanntensorand
itscovariantderivativesdefinea collectionof functionson OM. TheBianchiandRicci

identitiescanbe expressedaspolynomial relationsbetweenthesefunctions. Thereare
also relationsbetweenthe functions,their exteriorderivativesand theforms 0 and w

which expressthefactthat certainthingsarecovariantderivativesof certainothers.The
tensorR~dandits covariantderivativeswith respectto g

0~,definea collectionof func-

tions on the orthonormalframe bundleof g0~,which satisfy all the abovementioned
relationsand yet do not coincidewith thefunctionsarisingfrom theRiemanntensorof
g01,. It seemsthat thereis no way to tell that the collectionof functionsarising from
~ is notthatarisingfrom theRiemanntensorwithoutcomputingthis Riemanntensor

directly.
In the generalcaseoncemore, denoteby 7?. the set of functionsdefinedon OM

by the Riemanntensorandits covariantderivatives.Supposefor simplicity that theset
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{df : f E 7?.) hasthesamerank r at eachpoint of OM and that it is possibleto
choosea subset {f

1 ,... , f~} of 7?. sothat the spanof thederivativesdf~is r at each
point. The f1 aresaid to form a maximal functionally independentset.Let ‘R.~be the

subsetof 7?. arisingfrom covariantderivativesof orderup to ;. Thenthe f1 all belong

to 7Z~for some ~. It follows that all functionsin 7?.~+~canbeexpressedas functions
of the f~in aneighbourhoodof a givenpointof OM. Thisgivesamap from R~to R~
for some q which will bereferredto as a shape.Thereis then a uniquenesstheorem
whichsaysroughly thefollowing(for aprecisestatementsee[2]). Let f~bea maximal

functionally independentsetfor themetric g01, asaboveandsupposethatwehaveamap
from M to anothermanifold suchthat the functions f1’ correspondingto the f, under

thismapform amaximalfunctionally independentsetof curvaturefunctionsforametric

g~.Supposefurther thatthe shapesof the two metricsarethe same.Then g~and g~
are locally isometric. Onecould say that the maximal functionally independentset of

curvaturefunctionsandtheshapetogetherdeterminethegeometry.Consideronceagain
theconstantcurvaturemetric. In that casetheshapeis trivial (r = 0). The functions

associatedto the<<non-curvature>>R~dgive riseto thesame(trivial) shapeand arenot
associatedwith any geometry. Of coursethis is a very specialcaseand it is possible
that undersomeassumptionof genericityit is possibleto proveexistenceof ageometry

correspondingto a given shape.Howeverno suchtheoremyet exists.

4. FURTHER EXAMPLES

Let h0b be a smoothpositivedefinite metric on R
2\{O} whoseconformalclass

cannotbeextendedcontinuouslyto R2. Let R°~dbe its Riemanntensorand suppose
thatthis tensoris non-zeroon an opendensesubsetof R2\{O}. Let f bea function

on R2 which is non-zeroaway from theorigin but vanishessufficiently fastnearthe
originsothat K~d= fR~dhasa smoothextensionto thewholeplaneandmoreoverall
partialderivativesof theextensionvanishat theorigin. Forinstancewecould takethe

componentsof themetricto berationalfunctionsand f to be e_h/(x2+V2). As indicated
in section2 aRiemanntensorcandidateof maximal rankuniquely determinesthecon-
formal classof anymetricit couldarisefrom. Henceif K~ weretheRiemanntensorof

anymetricthis metricwould haveto beconformalto h
01,on a densesubsetof R

2. By
continuityit would thenhaveto beconformalto ona densesubsetof R2\{O}. But

this is incompatiblewith thefactthat it hasa continuousconformalclasson 1R2 It fol-
lows that K~dis not theRiemanntensorof anymetricon R2. In two dimensionsthe
Bianchi identity is trivial becauseit involvesantisymmetrisationoverthreeindices. As

to theRicci identity, theexpressionearlierdenotedby K * K vanishesautomaticallyin
two dimensions.It follows that K~dsatisfiesboththe BianchiandRicci identitieswith
respectto the flat metric. In factisnottoodifficult to showthatif p is apointof theplane
otherthantheorigin thenthereexistsa metricdefinedin a neighbourhoodof p whose
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Riemanntensoragreeswith K~ on thisneighbourhood.Fora proofseeDeTurck [1],

p. 528. At theorigin itself K~dagreesto infinite orderwith theRiemanntensorof the
flat metric. Thus K~dis an exampleof a tensorwhich is not itself a Riemanntensor

butwhich neverthelessagreesto infinite orderwith a Riemanntensorateachpoint.
Fromthis two-dimensionalexampleit isalsopossibletoconstructexamplesinhigher

dimensions. Let K~ be as beforeand let g0~be a Lorentz metric on R
2 whose

Riemanntensor nevervanishes.ThenthetensorK~ + onR4 satisfiesthe
Ricci andBianchi identitieswith respectto theproductof theflat positivedefinitemetric

with g
01,. It alsohasthepropertyof agreeingwith a Riemanntensorto infinite orderat

eachpoint. It remainsto showthat this tensoris nottheRiemanntensorof anymetric.
Its rank is notmaximal and so it is not possibleto usetheresultpreviouslymentioned
on uniquedeterminationof conformalclass.Howevera furtherresultin [4] showsthat

any metric having this tensoras curvaturemustbe of theform 4h0,,+ 1I~~9abfor some
functions q~and ~ on a densesubsetof R

4. This is howeverinconsistentwith the

continuityof themetricas beforeandsono suchmetricexists.

ACKNOWLEDGEMENTS

I would like to thankJürgenEhiersandBernd Schmidtforuseful suggestions.This
work was financially supportedby the Royal SocietyundertheEuropeanScienceEx-

changeProgramme.

REFERENCES

[I] D. DETURCK, Metricswith prescribedRiccicurvature~in Seminaron Differential Geometry,
Yau, S.-T (ed.)Princeton,PrincetonUniversity Press,1982.

[2]J. EHLERS, Christoffel’swork on theequivaienceproblemfor Riemannianspacesandits im-
port.anceformodernfieldtheoriesofphysics,in: E.B. Christoffel,Butzer,P.L.,Fehèr,F. (eds.)
Base!,BirkhäuserVerlag 1981.

[3] G. F. R. ELLIS, Dynamicsofpressure-freematterin GeneralRelativity,3. Math. Phys. 8,
1171-1194,1967.

[4] G. S. HALL, C. B. G. MciNTosh, Algebraicdeterminationof themetricfrom thecurvaturein
GeneralRelativity,mt. j. Theor. Phys.22, 469-476,1983.

[5] M. B. HALPERN,Fieldstrengthanddualvariableformulationsofgaugetheory,Phys.Review
D 19, 517-530,1979.

[6] A. HELD, A formalismfor theinvestigationofalgebraicallyspecialmetrics.I, Commun.Math.
Phys.37, 311-326,1974.

[7] A. HELD, A formalism for the investigationof algebraicallyspecialmetrics. II, Commun.
Math. Phys.44, 211-222,1974.

[8] M. A. MosTow,S. SHNIDER,Doesa genericconnectiondependcontinuouslyon its curvature?,
Commun.Math. Phys.90,417-432,1983.

Manuscriptreceived:June29, 1988


